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Abstract
Thurston, in 1986, discovered that the Schwarzian derivative has mysterious
properties similar to the curvature on a manifold. After his work, there are several
approaches to develop this notion on Riemannian manifolds. Here, a tensor field is
identified in the study of global conformal diffeomorphisms on Finsler manifolds as
a natural generalization of the Schwarzian derivative. Then, a natural definition of
a Mobius mapping on Finsler manifolds is given and its properties are studied. In
particular, it is shown that Mobius mappings are mappings that preserve circles and
vice versa. Therefore, if a forward geodesically complete Finsler manifold admits a
Mobius mapping, then the indicatrix is conformally diffeomorphic to the Euclidean
sphere Sn−1 in Rn. In addition, if a forward geodesically complete absolutely ho-
mogeneous Finsler manifold of scalar flag curvature admits a non-trivial change of
Mobius mapping, then it is a Riemannian manifold of constant sectional curvature.
Keywords; Finsler; Schwarzian; Mobius; conformal; projective; concircular.
Mathematics Subject Classification : Primary 53C60; Secondary 58B20.
1 Introduction
Thurston in [16] claimes different curvatures on a manifold, measure the deviation of a
curve or a manifold from being flat and Schwarzian derivative measures the deviation of a
∗The corresponding author, bidabad@aut.ac.ir; behroz.bidabad@math.univ-toulouse.fr .
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conformal map for being Mobius transformation. Therefore, by analogy, many qualitative
constructions in differential geometry can be made.
The Schwarzian derivative appears also in many areas of complex analysis but it occurs
first and foremost in the study of the Mobius mappings defined by T (x) = ax+b
cx+d
, where
ad − bc 6= 0. Historically, definition and properties of Schwarzian derivative were first
introduced by Lagrange in “Sur la construction des cartes ge´ographiques”1781. Let f be
a C∞ non-constant injective real function on R. The Schwarzian derivative is defined by
S(f) =
f ′′′
f ′
−
3
2
(
f ′′
f ′
)2, (1)
where f ′, f ′′, f ′′′, are first, second, and third derivatives of f with respect to x ∈ R. The
expression (1) is ubiquitous and tends to appear in seemingly unrelated fields of math-
ematics: classical complex analysis, differential equations, one-dimensional dynamics, as
well as, more recently, Teichmu¨ller theory, integrable systems and conformal field theory.
It has been extended by several authors such as Osgood and Stowe [12], Carne [9], etc.
A classical notation for S(f(x)) is {f, x}, or {w, x} if we write w = f(x), and is due to
Cayley in 1880.
The Schwarzian derivative is occurred first as an operator which is invariant under the
all linear Mobius mappings in the sense that, T is Mobius if and only if S(T ◦ f) = S(f)
or if and only if S(T ) = 0.
Let g be a real function for which the composition f ◦ g is defined, we have
S(f ◦ g) = S(g) + (S(f) ◦ g)(g′)2.
It follows that S(f) = S(g), implies f = T ◦g for some Mobius transformation T . To recall
some geometric virtues of Mobius transformations, they map circles to circles and they are
the only conformal maps of the sphere to itself. In particular, Mobius transformations are
the only functions with vanishing Schwarzian. B. Osgood and D. Stowe [12] introduced
the Schwarzian tensor Bg(ϕ) for two conformal Riemannian manifolds (M, g) and (M, g¯)
with g¯ = e2ϕg by
Bg(ϕ) = Hess(ϕ)− dϕ⊗ dϕ−
1
n
(∆ϕ− ‖gradϕ‖2)g.
They also have defined the Schwarzian operator f : (M, g) → (M, g¯) by S(f) = Bg(ϕ)
where ϕ = log‖df‖. Recently it’s shown Schwarzian is also very useful in the study of
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Riemann-Finsler geometry. Meanwhile, one of the present authors in several joint works
has studied the Schwarzian derivative for projective transformations in Finsler geometry
and obtained a short proof for some known results, see for instance [8, 14].
In the present work, we identify a tensor which arises in the study of conformal change
of metrics on a Finsler manifold as a natural generalization of the Schwarzian derivative.
We use a certain conformal parameter to define the Schwarzian tensor which follow, fairly
directly, from the definition, and which have corresponding formulations in the classical
setting. Meanwhile, we obtain the following theorem;
Theorem 1.1. Let (M,F ) be a Finsler manifold. The set of Mobius transformations
forms a subgroup of the conformal group and contains the homotheties group of (M,F ).
Among the others, after a joint work with Z. Shen [6] it is shown that the Mobius
transformations on Finsler geometry are equivalent to the circle preserving or concircular
transformations.
Theorem 1.2. The group of conformal transformations of (M,F ) coincides with its Mo-
bius group if and only if it maps all geodesic circles to geodesic circles.
These theorems imply the following rigidity theorems.
Theorem 1.3. If a forward geodesically complete Finsler manifold (M,F ) admits a Mo-
bius mapping, then the indicatrix is conformally diffeomorphic to the Euclidean sphere
Sn−1 in Rn.
Theorem 1.4. Let (M,F ) be a forward geodesically complete absolutely homogeneous
Finsler manifold of scalar flag curvature. If (M,F ) admits a nontrivial Mobius mapping,
then it is a Riemannian manifold of constant sectional curvature.
Theorem 1.5. Let (M,F ) be a compact boundaryless Einstein Randers manifold with
constant Ricci scalar and the projective parameter p.
•If S(p) = 0, then (M,F ) is Berwaldian.
•If S(p) < 0, then (M,F ) is Riemannian.
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2 Preliminaries and notations
2.1 Finsler structure
Let M be an n-dimensional connected smooth manifold. We denote by TM the tangent
bundle and π : TM0 → M , the fiber bundle of non-zero tangent vectors. A Finsler
structure on M is a function F : TM → [0,∞), with the following properties: F is C∞
on TM0; F is positively homogeneous of degree one in y, that is F (x, λy) = λF (x, y) for
all positive λ; The Hessian matrix of F 2, defined by (gij) = (1/2[
∂2
∂yi∂yj
F 2]), is positive
definite on TM0. A Finsler manifold is a pair consisting of a differentiable manifold
M and a Finsler structure F on M denoted here by (M,F ). The hyper-surface S ⊂
Tx0M defined by S := {y ∈ Tx0M : F (x0, y) = 1} is called an indicatrix in x0 ∈ M .
Every Finsler structure F induces a spray G = yi ∂
∂xi
− Gi(x, y) ∂
∂yi
, on TM , where
Gi(x, y) = 1
4
gil{[F 2]xkyly
k−[F 2]xl}, G is a globally defined vector field on TM . Differential
equation of a geodesic in local coordinates is given by d
2xi
ds2
+ 2Gi(x(s), dx
ds
) = 0, where
s(t) =
∫ t
t0
F (γ, dγ
dr
)dr, is the arc length parameter. One can observe that the pair { δ
δxi
, ∂
∂yi
}
forms a horizontal and vertical frame for TTM , where δ
δxi
= ∂
∂xi
−Gji
∂
∂yj
, Gji =
∂Gj
∂yi
and
2Gi = γijky
jyk, where
γijk =
1
2
gih(
∂ghk
∂xj
+
∂ghj
∂xk
−
∂gjk
∂xh
), (2)
are formal Christoffel symbols of the second kind. A Finsler structure F is called forward
(resp. backward) geodesically complete, if every geodesic on an open interval (a, b) can be
extended to a geodesic on (a,∞) (resp. (−∞, b)). F is said to be complete if it is forward
and backward complete.
Let f : M → R be a smooth function on an n-dimensional (n > 2) Finsler manifold
(M,F ). At a point p ∈M , the gradient vector field of f , ∇f(p) = grad f(p) ∈ π∗TM , is
defined by ggrad f(p)(ν, grad f(p)) = dfp(ν), ∀ν ∈ TpM, where df :=
∂f
∂xi
dxi is the differential
of f . In terms of a local coordinate system, we have grad f := f i(x) ∂
∂xi
∈ π∗TM , where
f i(x) = gij(x, grad f(x)) ∂f
∂xj
.
2.2 Cartan connection and Koszul formula
Here, a brief global approach to the Cartan connection is recalled for our further setting.
Any point of TM0 will be denoted by z = (x, y) where x = πz ∈ M and y ∈ TpizM . By
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TTM0 we denote the tangent bundle of TM0 and by π
∗TM the pull back bundle of π.
Consider the canonical linear mapping ̺ : TTM0 → π
∗TM , where ̺ = π∗ and ̺Xˆ = X
for all Xˆ ∈ Γ(TM0). Locally we have ̺z(
δ
δxi
)z = (
∂
∂xi
)x and ̺z(
∂
∂yi
)z = 0. Let VzTM be
the set of vertical vectors at z ∈ TM0, that is, the set of all vectors which are tangent to
the fiber through z. Equivalently, VzTM = kerπ∗ where π∗ : TTM0 → TM is the linear
tangent mapping. Let ∇ be a linear connection on π∗TM the sections of pull back bundle
π∗TM ,
∇ : TzTM0 × Γ(π
∗TM)→ Γ(π∗TM),
(Xˆ, v) 7→ ∇Xˆv,
provided that there is a linear mapping µ : TTM0 → π
∗TM , defined by µ(Xˆ) = ∇Xˆυ,
where Xˆ ∈ TTM0 and υ is the canonical section of π
∗TM . The connection ∇ is said to
be regular, if µ defines an isomorphism between V TM0 and π
∗TM . In this case, there is a
horizontal distributionHTM such that we have theWhitney sum TTM0 = HTM⊕V TM .
The linear connection on π∗TM is said to be a Finsler connection, if it is regular. It can be
shown that the sets { δ
δxj
} and { ∂
∂yj
}, form a local frame field for the horizontal and vertical
subspaces and the dual frame {dxi} and {δyi} respectively. This decomposition permits
to write a vector field Xˆ ∈ TTM0 into the horizontal and vertical form Xˆ = HXˆ + V Xˆ ,
uniquely.
The torsion tensor of the Finsler connection ∇ is defined by
τ(Xˆ, Yˆ ) = ∇XˆY −∇YˆX − ̺[Xˆ, Yˆ ].
They determine two torsion tensors S and T defined by
S(X, Y ) = τ(HXˆ,HYˆ ), T (X˙, Y ) = τ(V Xˆ,HYˆ ), (3)
where HXˆ ∈ HzTM = kerµz and V Xˆ ∈ VzTM = ker(π∗)z, and (π∗)z is the tangent
mapping of the canonical projection π. There is a unique regular connection c∇ associated
to the Finsler structure F satisfying, c∇Zˆg = 0, S(X, Y ) = 0 and g(τ(V Xˆ, Yˆ ), Z) =
g(τ(V Xˆ, Zˆ), Y ), called the Cartan connection. The condition c∇
Zˆ
g = 0 is called metric
compatibility in both horizontal and vertical covariant derivatives, which is equivalent to
Zˆg(X, Y ) = g(c∇ZˆX, Y ) + g(X,
c∇ZˆY ). (4)
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It results from the last equation that the Cartan covariant derivative c∇ is determined by
the Finslerian Koszul formula, see [2, 7].
2g(c∇XˆY, Z) = Xˆ.g(Y, Z) + Yˆ .g(X,Z)− Zˆ.g(X, Y ) + g(τ(Xˆ, Yˆ ), Z) + g(τ(Zˆ, Xˆ), Y )
+ g(τ(Zˆ, Yˆ ), X) + g(̺[Xˆ, Yˆ ], Z) + g(̺[Zˆ, Xˆ], Y ) + g(̺[Zˆ, Yˆ ], X). (5)
According to the definition of connection 1-form of Cartan connection we have ωij :=
Γijkdx
k + C ijkδy
k, where
Γijk :=
1
2
gil(δjglk + δkgjl − δlgjk), C
i
jk :=
1
2
gil∂˙lgjk,
and δi :=
δ
δxi
, ∂˙i :=
∂
∂yi
. Using Xˆ = HXˆ + V Xˆ , the Cartan covariant derivative is
decomposed in the horizontal and vertical forms c∇XˆY = ∇HXˆY + ∇V XˆY . In a local
coordinate system the components of the Cartan connection c∇k are denoted here by
c∇k = ∇k + ∇˙k,
wherein,∇k :=
c∇ δ
δxk
, ∇˙k :=
c∇ ∂
∂yk
. Denote by Γijk and C
i
jk the horizontal and the vertical
coefficients of Cartan connection respectively. We have
∇k∂˙j = Γ
i
jk∂˙j , ∇˙k∂˙j = C
i
jk∂˙j ,
∇kδj = Γ
i
jkδi, ∇˙kδj = C
i
jkδi.
In a local coordinate system, the horizontal and vertical Cartan covariant derivatives of
an arbitrary (1, 1)-tensor field on π∗TM with the components T ji are given by
∇kT
j
i = δkT
j
i − T
j
rΓ
r
ik + T
r
i Γ
j
rk, (6)
∇˙kT
j
i = ∂˙kT
j
i − T
j
rC
r
ik + T
r
i C
j
rk.
The components of Cartan hh-curvature tensor are given by
Rijkm = δkΓ
i
jm − δmΓ
i
jk + Γ
i
skΓ
s
jm − Γ
i
smΓ
s
jk +R
s
kmC
i
sj,
where, Rikm := y
pRipkm. For a non-null y ∈ TxM , the trace of hh-curvature is called
Riemann curvature. It is given by Ry(u) = R
i
ku
k ∂
∂xi
, where
Rik(y) :=
∂Gi
∂xk
− 1/2
∂2Gi
∂yk∂xj
yj +Gj
∂2Gi
∂yk∂yj
− 1/2
∂Gi
∂yj
∂Gj
∂yk
.
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The Ricci scalar is defined by Ric := Rii, see [3, p. 331]. Here, we use Akbar-Zadeh’s
definition of Ricci tensor as follows Ricik := 1/2(F
2Ric)yiyk , see [2]. Let N
i
j =
∂Gi
∂yj
,
li = y
i
F
and lˆ = li δ
δxi
= li( ∂
∂xi
− Gki
∂
∂yk
). By homogeneity we have Ricijl
ilj = Ric. Let F˜
be another Finsler structure on M . In this paper we deal with the forward geodesics and
the word “geodesic” refers to the forward geodesic. If any geodesic of (M,F ) coincides
with a geodesic of (M, F˜ ) as set of points and vice versa, then the change F → F˜ of the
metric is called projective and F is said to be projective to F˜ . A Finsler space (M,F )
is projective to another Finsler space (M, F˜ ), if and only if there exists a 1-homogeneous
scalar field p(x, y) satisfying G˜i(x, y) = Gi(x, y) + p(x, y)yi. The scalar field p(x, y) is
called the projective factor of the projective change under consideration. For a tangent
plane P ⊂ TpM and a non-zero vector y ∈ TpM , the flag curvature K(P, y) is defined by
K(P, y) =
gy(u,Ry(u))
gy(y, y)gy(u, u)− gy(y, u)2
,
where P = span{y, u}. When F is Riemannian, K(P, y) = K(P ) is independent of y ∈ P
and is just the sectional curvature in Riemannian geometry. We say that F is of scalar
curvature if for any y ∈ TpM , the flag curvature K(P, y) = K(y) is independent of P
containing y ∈ TpM . In a local coordinate system (x
i, yi) on TM , this is equivalent to
saying
Rik = KF
2{δik − F
−1Fyky
i}.
If K is constant, then F is said to be of constant flag curvature. A Finsler metric F that
satisfies the relation, Ric = (n− 1)K(x), for some functions K on M , is called Einstein
metric. It is well known the relation between the Ricci scalar Ric and the Ricci tensor
Ricij , tells us,
Ric = (n− 1)K(x)⇐⇒ Ricij = (n− 1)K(x)gij . (7)
See [4]. If the function K is constant, then F is called Ricci-constant. A Finsler space
is called a Berwald space if the Berwald connection coefficients, namely (Gi)yjyk , do not
depend on y. In particular, all Riemannian and locally Minkowskian spaces are Berwal-
dian, see [4]. The Finsler structure of a Randers metric on the smooth n-dimensional
manifold M is given by F = α + β, where α(x, y) :=
√
aijyiyj, is a Riemannian metric
and β(x, y) := bi(x)y
i, is a 1-form, see [10]. We will need the following proposition in the
sequel.
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Proposition A. [4] Let (M,F ) be a connected compact boundaryless Einstein Randers
manifold with constant Ricci scalar Ric.
•If Ric < 0, then (M,F ) is Riemannian.
•If Ric = 0, then (M,F ) is Berwaldian.
2.3 Geodesics and circles on Finsler manifolds
We recall here a natural definition given in [6] of a circle in a Finsler manifold. Let
c : I ⊂ R −→ M be a smooth curve parameterized by the arc length s on a Finsler
manifold (M,F ). Consider a unitary normal vector field Y along c and a positive constant
κ such that ∇c˙X = κY and ∇c˙Y = −κX, where, X := c˙ =
dc
ds
is the unitary tangent
vector field at each point c(s) and ∇c˙ is the Cartan covariant derivative along c. The
numbers κ and 1
κ
are called curvature and radius of the circle, respectively. A geodesic
circle on a Finsler space (M,F ) is defined to be a smooth curve c : I −→ M for which the
first Frenet curvature κ1 := κ, is constant and the second Frenet curvature κ2, vanishes
identically. That is, dκ1
ds
= 0 and κ2 = 0, see, [13, 6]. If in the definition of a geodesic circle
we exclude geodesic or equivalently the trivial case, κ1 = 0, then we obtain the definition
of a circle on a Finsler space. A conformal change of metric is said to be concircular if
it maps geodesic circles into geodesic circles. The following theorems will be used in the
sequel.
Theorem B. [5] Let (M,F ) be a Finsler manifold. A necessary and sufficient condition
for a conformal change g¯ = e2ϕ(x)g to be concircular, is the function ϕ be a solution of
the partial differential equation
c∇iϕj − ϕiϕj = Φgij ,
where ϕj = ∂ϕ/∂x
j , c∇i is the Cartan horizontal derivative and Φ is a certain scalar
function.
Theorem C. [13] If a forward geodesically complete Finsler manifold (M,F ) admits a
circle preserving change of metric, then the indicatrix is conformally diffeomorphic to the
Euclidean sphere Sn−1 in Rn.
Theorem D. [13] Let (M,F ) be a forward geodesically complete absolutely homogeneous
Finsler manifold of scalar flag curvature. If (M,F ) admits a nontrivial circle preserving
change of metric, then it is a Riemannian manifold of constant sectional curvature.
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3 Conformal change of Cartan connection
3.1 Conformal transformations on Finsler manifolds
Let F and F¯ be two Finsler structures on an n-dimensional manifoldM . A diffeomorphism
f : (M,F ) → (M, F¯ ) is called conformal transformation or simply a conformal change
of metric, if and only if there exists a scalar function ϕ(x) on M such that F¯ (x, y) =
eϕ(x)F (x, y). One can easily show that, the function ϕ(x, y) is independent of the direction
y, or equivalently ∂ϕ
∂yi
= 0. Here, the terms mapping and transformation will be used
interchangeably. Assuming F¯ (x, y) = eϕ(x)F (x, y) the above relation becomes
g¯ = e2ϕ(x)g, (8)
where, g¯ := f ∗g. The diffeomorphism f is said to be homothetic if ϕ is constant and
isometric if ϕ vanishes in every point of M .
Throughout this article, the objects of (M, F¯ ) will be shown with a bar and we shall
always assume that the line elements (x, y) and (x¯, y¯) on (M,F ) and (M, F¯ ) are chosen
such that x¯i = xi and y¯i = yi holds, unless a contrary assumption is explicitly made. If
we show the corresponding Finsler metric tensors by g and g¯, then Eq. (8) is written in
the following local forms:
g¯ij(x, y) = e
2ϕ(x)gij(x, y), g¯ij(x, y) = e
−2ϕ(x)gij(x, y), (9)
where gij is the inverse matrix defined by gijg
ik = δkj . Eq. (8) and definition of Cartan
tensor yield
C¯ ijk(x, y) = C
i
jk(x, y), C¯ijk = e
2ϕCijk, (10)
where C ijk = g
ilCljk = 1/2g
il ∂glj
∂yk
.
It is well known that after a conformal change of metric, the Christoffel symbols γijk,
as a geometric object on a Finsler manifold (M,F ), satisfies
γ¯ijk = γ
i
jk + (δ
i
jδ
h
k + δ
i
kδ
h
j − g
ihgjk)ϕh, (11)
where, ϕh = ∂ϕ/∂x
h and δij is the Kronecker delta, see for instance, [11, page 28]. Con-
tracting both side of (11) by yjyk and using 2Gi = γijky
jyk, we obtain the relation between
Gi and G¯i in conformal Finsler spaces as follows.
G¯i = Gi −Birϕr, (12)
3 CONFORMAL CHANGE OF CARTAN CONNECTION 10
where Bir := (F
2
2
gir − yryi).
By differentiation of (12) with respect to yj we have
G¯ij = G
i
j − B
ir
j ϕr, (13)
where Birj = yjg
ir − F 2C irj − δ
r
jy
i − yrδij and C
ir
j := g
isCrsj = −
1
2
∂gir
∂yj
, for more details see
[11].
By definition of δ
δxk
and (13) we get
δ¯
δxk
=
∂
∂xk
− G¯ik
∂
∂yi
=
∂
∂xk
− (Gik − B
ir
k ϕr)
∂
∂yi
=
δ
δxk
+Birk ϕr
∂
∂yi
.
If we put Lk := B
ir
k ϕr
∂
∂yi
, then the above relation becomes
δ¯
δxk
=
δ
δxk
+ Lk. (14)
The following identities are well known;
(1) [ δ
δxi
, δ
δxj
] = Rhij
∂
∂yh
,
(2) [ δ
δxi
, ∂
∂yj
] =
∂Nhi
∂yj
∂
∂yh
= Nhij
∂
∂yh
,
(3) [ ∂
∂yi
, ∂
∂yj
] = 0.
Therefore by definition of the function ̺ : TTM0 → π
∗TM and the above identities, we
have
̺([
δ
δxi
,
δ
δxj
]) = 0, ̺([
δ
δxi
,
∂
∂yj
]) = 0, ̺([
∂
∂yi
,
∂
∂yj
]) = 0. (15)
Proposition 3.1. Let (M,F ) and (M, F¯ ) be two conformal Finsler manifolds with the
Cartan connections c∇ and c∇ respectively. The related covariant derivatives satisfy
c∇XˆY =
c∇XˆY + (HXˆϕ)Y + (HYˆ ϕ)X − (∇ϕ)g(X, Y )+
T (Li, Y ) + T (Lj , X)− g(T (Lt, Y ), X)
∂
∂xs
gts. (16)
Proof. Let us assume Xˆ = δ
δxi
, Yˆ = δ
δxj
and Zˆ = δ
δxk
, by definition of ̺ we have ̺(Xˆ) =
X = ∂
∂xi
, Y = ∂
∂xj
and Z = ∂
∂xk
. On the other hand by the hh-torsion freeness of Cartan
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connection we have τ( δ
δxi
, δ
δxj
) = 0, τ(Xˆ, Yˆ ) = τ(Zˆ, Yˆ ) = τ(Xˆ, Zˆ) = 0. Therefore from
(15) the Koszul formula (5) reduces to
2g(∇ δ
δxi
∂
∂xj
,
∂
∂xk
) =
δ
δxi
gjk +
δ
δxj
gik −
δ
δxk
gij. (17)
Rewriting (17) for (M, g¯) and using (14) and Lie
2ϕ = 0 we have
2g¯(∇¯ δ¯
δxi
∂
∂xj
,
∂
∂xk
) =
δ¯
δxi
g¯jk +
δ¯
δxj
g¯ik −
δ¯
δxk
g¯ij
=(
δ
δxi
+ Li)(e
2ϕgjk) + (
δ
δxj
+ Lj)(e
2ϕgik)− (
δ
δxk
+ Lk)(e
2ϕgij)
=e2ϕ(
δ
δxi
gjk +
δ
δxj
gik −
δ
δxk
gij) + 2e
2ϕ(
∂ϕ
∂xi
gjk +
∂ϕ
∂xj
gik −
∂ϕ
∂xk
gij)
+ Li(e
2ϕgjk) + Lj(e
2ϕgik)− Lk(e
2ϕgij)
=2e2ϕg(∇ δ
δxi
∂
∂xj
,
∂
∂xk
) + 2e2ϕ(
∂ϕ
∂xi
gjk +
∂ϕ
∂xj
gik −
∂ϕ
∂xk
gij)
+ e2ϕ(Li(gjk) + Lj(gik)− Lk(gij)).
Replacing g¯ = e2ϕg in the left hand side of the above relation we get
g(∇¯ δ¯
δxi
∂
∂xj
,
∂
∂xk
) =g(∇ δ
δxi
∂
∂xj
,
∂
∂xk
) + ϕigjk + ϕjgik − ϕkgij
+
1
2
(Li(gjk) + Lj(gik)− Lk(gij)). (18)
On the other hand
Li(gjk) = B
mr
i ϕr
∂
∂ym
gjk = 2B
mr
i ϕrCmjk = 2B
mr
i ϕrC
l
mjgkl.
And
Lk(gij) = 2B
mr
k ϕrC
l
mjgil = 2B
mr
t ϕrC
l
mjgilδ
t
k = 2B
mr
t ϕrCmjig
tsgsk.
Therefore (18) becomes
g(∇¯ δ¯
δxi
∂
∂xj
,
∂
∂xk
) =g(∇ δ
δxi
∂
∂xj
,
∂
∂xk
) + ϕigjk + ϕjgik − ϕkgij+
Bmri ϕrC
l
mjgkl +B
mr
j ϕrC
l
migkl − B
mr
t ϕrCmjig
tsgsk.
Hence
∇¯ δ¯
δxi
∂
∂xj
=∇ δ
δxi
∂
∂xj
+ ϕi
∂
∂xj
+ ϕj
∂
∂xi
− (∇ϕ)gij +B
mr
i ϕrC
l
mj
∂
∂xl
+Bmrj ϕrC
l
mi
∂
∂xl
−Bmrt ϕrCmjig
ts ∂
∂xs
, (19)
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where, ∇ϕ is the gradient of ϕ and we have ϕk = g(∇ϕ,
∂
∂xk
).
By the definition of torsion (3), we have T (Li,
∂
∂xj
) = ∇Li
∂
∂xj
= Bmri ϕrC
l
mj
∂
∂xl
, hence (19)
becomes
∇¯ δ¯
δxi
∂
∂xj
=∇ δ
δxi
∂
∂xj
+ ϕi
∂
∂xj
+ ϕj
∂
∂xi
−∇ϕgij+
T (Li,
∂
∂xj
) + T (Lj ,
∂
∂xi
)− g(T (Lt,
∂
∂xj
),
∂
∂xi
)
∂
∂xs
gts. (20)
Next assume that Xˆ = ∂
∂yi
is the vertical and Yˆ = δ
δxj
and Zˆ = δ
δxk
are the horizontal
derivatives, we have X = ̺(Xˆ) = 0, Y = ∂
∂xj
and Z = ∂
∂xk
. Replacing these values in the
Koszul formula (5) we get
2g(∇ ∂
∂yi
∂
∂xj
,
∂
∂xk
) =
∂
∂yi
gjk + g(τ(
∂
∂yi
,
δ
δxj
),
∂
∂xk
) + g(τ(
δ
δxk
,
∂
∂yi
),
∂
∂xj
). (21)
By the anti-symmetric property of torsion we have
g(τ(
∂
∂yi
,
δ
δxj
),
∂
∂xk
) = g(τ(
∂
∂yi
,
δ
δxk
),
∂
∂xj
) = −g(τ(
δ
δxk
,
∂
∂yi
),
∂
∂xj
),
hence (21) yields
2g(∇ ∂
∂yi
∂
∂xj
,
∂
∂xk
) =
∂
∂yi
gjk = 2Cijk. (22)
Similarly for (M, F¯ ), g¯( ∂
∂xj
, ∂
∂xk
) = g¯jk and we have
2g¯(∇¯ ∂
∂yi
∂
∂xj
,
∂
∂xk
) = 2g¯(C¯ lij
∂
∂xl
,
∂
∂xk
) = 2C¯ lij g¯lk = 2C¯ijk. (23)
Replacing g¯ = e2ϕg in the left side of (23) and using (10) we get
g(∇¯ ∂
∂yi
∂
∂xj
,
∂
∂xk
) = Cijk. (24)
From (22) and (24) we get
g(∇¯ ∂
∂yi
∂
∂xj
,
∂
∂xk
) = g(∇ ∂
∂yi
∂
∂xj
,
∂
∂xk
).
Therefore we have
∇¯ ∂
∂yi
∂
∂xj
= ∇ ∂
∂yi
∂
∂xj
. (25)
The decomposition Xˆ = HXˆ+V Xˆ yields c∇XˆY = ∇HXˆY +∇V XˆY . Using (20) and (25)
we have the proof.
4 HESSIAN AND LAPLACIAN ON FINSLER MANIFOLDS 13
Recall that on a Riemannian manifold, the metric g is independent of the direction
y and Lk = B
ir
k ϕr
∂
∂yi
, hence we have Li = 0. Therefore, (16) reduces to the following
relation, see [12].
∇XY = ∇XY + (Xϕ)Y + (Y ϕ)X − (∇ϕ)g(X, Y ), ∀X, Y ∈ X (M).
4 Hessian and Laplacian on Finsler manifolds
Here based on the global Cartan connection the Hessian and Laplacian are defined. The
natural definitions of Hessian and Laplacian considered here are in some senses more
general than those given in [1, 7, 15, 17] and contains some of them in special cases.
4.1 Horizontal and vertical Hessian
Let f ∈ C∞(M), the Hessian of f in the Cartan connection c∇Xˆ is defined by
Hess : Γ(TM0)× Γ(π
∗TM)→ C∞(TM0)
Hess(f)(Xˆ, Y ) = g(Y, c∇Xˆ(∇f)), (26)
for all Xˆ ∈ Γ(TM0) and Y ∈ Γ(π
∗TM). Using (4) the metric compatibility of Cartan
connection for a gradient vector field, we have
Xˆg(Y,∇f) = g(c∇XˆY,∇f) + g(Y,
c∇Xˆ∇f)
(XˆY )f = c∇XˆY f + g(Y,
c∇Xˆ∇f).
Replacing the last equation in (26), we find a definition for the Hessian of f in Cartan
connection as follows
Hess(f)(Xˆ, Y ) = (XˆY )f − (c∇XˆY )f. (27)
Note that Hess(f) can be split in horizontal and vertical parts as follows
Hess(f)(Xˆ, Y ) = HessHf (Xˆ, Y ) +Hess
V
f (Xˆ, Y ).
In terms of the local frame fields { δ
δxj
, ∂
∂yj
} and { ∂
∂xj
} from (27) we have
HessHf (
δ
δxi
,
∂
∂xj
) =
δ
δxi
(
∂f
∂xj
)− (∇ δ
δxi
∂
∂xj
)f =
δ
δxi
(
∂f
∂xj
)− Γkij
∂f
∂xk
,
4 HESSIAN AND LAPLACIAN ON FINSLER MANIFOLDS 14
see [7]. Since f is a function of x alone, the above equation reduces to
HessHf (
δ
δxi
,
∂
∂xj
) =
∂2f
∂xi∂xj
− Γkij
∂f
∂xk
. (28)
Following (27), the vertical part of Hess(f) is written
HessVf (
∂
∂yi
,
∂
∂xj
) =
∂
∂yi
(
∂f
∂xj
)− (∇
∂
∂yi
∂
∂xj
)f =
∂
∂yi
(
∂f
∂xj
)− Ckij
∂f
∂xk
.
Again since f is a function of x alone, the vertical Hessian reduces to
HessVf (
∂
∂yi
,
∂
∂xj
) = −Ckij
∂f
∂xk
. (29)
Therefore for every function f on M by (28) and (29) we have
Hess(f)(Xˆ, Y ) =
∂2f
∂xi∂xj
− (Γkij + C
k
ij)
∂f
∂xk
. (30)
Remark 4.1. Recall that the Hessian on a Riemannian manifold is defined by
Hess(f)(X, Y ) = (XY )f − (∇XY )f, for all X, Y ∈ X (M). In a local coordinate on a
Riemannian manifold
Hess(f)(X, Y ) =
∂2f
∂xi∂xj
− γkij
∂f
∂xk
,
where γkji are formal Christoffel symbols given by (2).
4.2 Horizontal and vertical Laplacian
Generally, a Laplacian is the trace of a Hessian, and in our setting the horizontal Laplacian
∆Hf and the vertical Laplacian ∆V f of a real smooth function f on M are defined
respectively by
∆Hf = traceg(Hess
H
f (Xˆ, Y )),
∆V f = traceg(Hess
V
f (Xˆ, Y )),
where Y ∈ Γ(π∗TM), and Xˆ ∈ Γ(TM0). Equivalently, in a local coordinate system, using
(28) and (29) the horizontal and the vertical Laplacian of f are given by
∆Hf = gij(
∂2f
∂xi∂xj
− Γkij
∂f
∂xk
),
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where f ∈ C∞(M) and
∆V f = gij(−Ckij
∂f
∂xk
),
respectively. The above horizontal Laplacian is also used in [1, p. 362] and [7]. Recall that
a Finsler metric gij defines an inner product on the sections of π
∗TM , hence one needs
to consider the complete lift of a vector field on M to introduce the concept of conformal
vector fields on Finsler geometry. More intuitively let V = vi ∂
∂xi
be a vector field on the
smooth manifoldM . The complete lift and the horizontal lift of V are two globally defined
vector fields on TM0 given by V˜ = v
i(x) ∂
∂xi
+ yj( ∂v
i
∂xj
) ∂
∂yi
, and hVˆ = vi(x) δ
δxi
, respectively.
Remark 4.2. Let ϕ be a function of x alone and X = X i ∂
∂xi
, a vector field on the smooth
manifold M , clearly we have
Xϕ = X˜ϕ and Xϕ = hXˆϕ.
where X˜ and hXˆ are the complete lift and the horizontal lift of X , respectively.
If necessary, we may restrict without loss of generality the vector field Xˆ to the complete
lift X˜ on TM0.
5 Schwarzian of the conformal diffeomorphisms
The classical notions of Schwarzian derivative and Schwarzian operator of an analytic
function on a plane, are generalized for a conformal mapping on a Riemannian manifold,
by Osgood and Stowe, see [12]. Here, inspiring the Riemannian Schwarzian operator
developed in [9, 12] and using the above definitions of the gradient, Hessian and Laplacian
for Cartan connection on a Finsler manifold, a natural definition of Schwarzian is given
for conformal mappings.
Definition 5.1. Let (M,F ) and (M, F¯ ) be two conformally related Finsler manifolds,
where F¯ = eϕF . The Schwarzian tensor B
F
(ϕ) is a symmetric traceless (0, 2)-tensor field
defined by
B
F
(ϕ)(Xˆ, Y ) = Hess(ϕ)(Xˆ, Y )− (dϕ⊗ dϕ)(̺Xˆ, Y )−
1
n
(∆ϕ− ‖gradϕ‖2)g(̺Xˆ, Y ),
(31)
for all Xˆ ∈ Γ(TM0) and Y ∈ Γ(π
∗TM) where ‖gradϕ‖2 = ϕiϕi, ϕ
i = gijϕj and g is the
inner product on π∗TM derived from the Finsler structure F .
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We define the Schwarzian derivative of a conformal transformation as an operator
applying to the vector fields Xˆ on TM0 in the following sense.
Definition 5.2. Let F and F¯ be two conformally related Finsler metrics on M . The
Schwarzian derivative of a conformal map f : (M,F )→ (M, F¯ ) with F¯ = eϕF , at a point
x ∈M , is a linear map
SF (f) : Γ(TM0) −→ Γ(π
∗TM),
SF (f)Xˆ =
c∇Xˆ(∇ϕ)− g(∇ϕ, ̺Xˆ)∇ϕ−
1
n
(∆ϕ− ‖gradϕ‖2)̺Xˆ,
where Xˆ ∈ Γ(TM0) and ̺Xˆ = X .
Lack of ambiguity, we denote simply the Schwarzian derivative SF (f) by S(f). From
which we obtain
g(S
F
(f)(Xˆ), Y )
= g(c∇Xˆ∇ϕ, Y )− g(∇ϕ, ̺Xˆ)g(∇ϕ, Y )− 1/n(∆ϕ− ‖gradϕ‖
2)g(̺Xˆ, Y )
= Hess(ϕ)(Xˆ, Y )− g(∇ϕ,X)g(∇ϕ, Y )− 1/n(∆ϕ− ‖gradϕ‖2)g(X, Y )
= Hess(ϕ)(Xˆ, Y )− (Xϕ)(Y ϕ)− 1/n(∆ϕ− ‖gradϕ‖2)g(X, Y )
= B
F
(ϕ)(Xˆ, Y ), (32)
where, Xˆ ∈ Γ(TM0), ̺(Xˆ) = X and X, Y ∈ Γ(π
∗TM). The the Schwarzian tensor B
F
(ϕ)
plays a similar role as the Schwarzian derivative of the conformal diffeomorphism f , in
the above sense. The Schwarzian derivative SF (f) in Definition5.2 applies on the vector
fields Xˆ ∈ Γ(TM0), as well the Schwarzian tensor BF (ϕ))( . , Y ) in Definition5.1.
As a raison d’eˆtre for our terminology, we determine S(f), when f is a real function
on IR with the Euclidean metric g = |dx|2 or gij = δij . In this case ϕ = log|f
′| and
f ∗|dx| = |f ′||dx|, by computing in standard coordinates one gets
eϕ = f ′. (33)
By differentiating (33) with respect to x, we have
ϕ′eϕ = f ′′. (34)
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From (33) and (34) we get ϕ′ = f
′′
f ′
. A second differentiation of (34) leads eϕ(ϕ′′+ϕ′2) = f ′′′,
and ϕ′′ + ϕ′2 = f
′′′
f ′
.
Replacing the last equation in the definition of S(f) and using (33) and (34), we have
S(f) =
f ′′′
f ′
−
3
2
(
f ′′
f ′
)2 = (ϕ′′ + ϕ′2)−
3
2
(ϕ′2)
= ϕ′′ − ϕ′2 +
1
2
|ϕ′|2
= Hessϕ− dϕ⊗ dϕ− (∆ϕ− ‖gradϕ‖2)g
= BF (ϕ),
where for the dimension n = 1, we have Hessϕ = ϕ′′, ϕ′ = dϕ and 2∆ϕ = |ϕ′|2. As
another verification of Definition 5.2, the replacement of the Riemannian Hessian and
Laplacian in this definition gives the well-known definition of the Riemannian Schwarzian
derivative of a conformal map. In terms of a local coordinate system, using the local
Hessian (30), we have
(
BF (ϕ)
)
ij
=
∂2ϕ
∂xi∂xj
− (Γhij + C
h
ij)ϕh − ϕiϕj −
1
n
(∆ϕ− ‖gradϕ‖2)gij,
where, Γhij and C
h
ij are the Christoffel symbols of Cartan connection and the Cartan tensor,
respectively and ϕj =
∂ϕ
∂xj
. Using the Cartan horizontal and vertical covariant derivative
formulas (6), and the fact that ϕ is a function of x alone, the last equation is written in
the following familiar form
(
BF (ϕ)
)
ij
= c∇iϕj − ϕiϕj −
1
n
(∆ϕ− ‖gradϕ‖2)gij, (35)
where, c∇iϕj =:
∂2ϕ
∂xi∂xj
− (Γhij +C
h
ij)ϕh are the components of Cartan covariant derivative.
We will refer to B
F
(ϕ) operator in the sequel, as the Schwarzian derivative S
F
(f) of
a conformal map f : (M,F )→ (M, F¯ ) with F¯ = eϕF , in Finsler geometry.
6 Mobius mapping and Finsler manifolds
In Riemannian geometry, a conformal mapping is said to be Mobius if its Schwarzian
derivative is zero. Therefore, we could consider a natural definition for Mobius mappings
on Finsler manifolds as follows.
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Definition 6.1. A conformal diffeomorphism f : (M,F ) → (M, F¯ ), is called a Mobius
mapping, if the Schwarzian derivative S
F
(f) vanishes.
By means of (32), we know S
F
(f) = 0, if and only if BF (ϕ) = 0, ∀Y ∈ π
∗TM .
Clearly every isometry or every identity map id : (M,F ) → (M,F ) is a Mobius
mapping with ϕ(x) = 0.
If we put Φ = 1
n
(∆ϕ − ‖gradϕ‖2), then (35) becomes BF (ϕ) =
c∇iϕj − ϕiϕj − Φgij .
Hence vanishing of the Schwarzian tensor BF (ϕ) = 0, is equivalent to
c∇iϕj − ϕiϕj = Φgij . (36)
Remark 6.2. The equation (36) and TheoremB characterize the Mobius mappings in the
sense that, a conformal diffeomorphism is Mobius if and only if it preserves geodesic
circles.
A property of Mobius mappings is given in the following Theorem.
Theorem 6.3. Let (M,F ) be a Finsler manifold and ϕ and σ the two real smooth func-
tions on M such that F¯ = eϕF . We have
BF (ϕ+ σ) = BF (ϕ) +BF¯ (σ) + A(σ),
where, A(σ) = T (Li, Y )σ + T (Lj, X)σ − g(T (Lt, Y ), X)
∂
∂xs
gstσ and Li := B
kr
i ϕr
∂
∂yk
.
Proof. By means of the definition of Hessian with respect to the Finsler metric g¯, and the
fact (HXˆϕ) = δ
δxi
ϕ = Xϕ, using (16) we have
Hessg¯(σ)(Xˆ, Y ) = XˆY (σ)− ∇¯XˆY (σ)
= XˆY (σ)−∇XˆY (σ)−X(ϕ)Y (σ)− Y (ϕ)X(σ) + g(X, Y )∇ϕ(σ)
− T (Li, Y )σ − T (Lj, X)σ + g(T (Lt, Y ), X)
∂
∂xs
gstσ
= Hessg(σ)(Xˆ, Y )−X(ϕ)Y (σ)− Y (ϕ)X(σ) + g(X, Y )g(∇ϕ,∇σ)
− T (Li, Y )σ − T (Lj, X)σ + g(T (Lt, Y ), X)
∂
∂xs
gstσ, (37)
where, X, Y ∈ Γ(π∗TM) and Xˆ ∈ Γ(TM0). Let us denote the gradient and the Laplacian
with respect to g¯ by ∇¯ and ∆¯ respectively. If {e1, e2, ..., en} is a local orthonormal frame
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on M with respect to g¯, that is, g¯(ei, ej) = δij then {e
−ϕe1, e
−ϕe2, ..., e
−ϕen} is a local
orthonormal frame with respect to g on M . By definition ∀i, j, T (Li, ej) =
c∇Liej = 0,
hence from (37) we get
∆¯σ =
n∑
i=1
Hessg¯(σ)(eˆi, ei)
=
n∑
i=1
{Hessg(σ)(e
−ϕeˆi, e
−ϕei)− 2ei(ϕ)ei(σ) + g(e
−ϕei, e
−ϕei)g(∇ϕ,∇σ)}
=
n∑
i=1
Hessg(σ)(e
−ϕeˆi, e
−ϕei)− 2g¯(∇¯ϕ, ∇¯σ) + ne
−2ϕg(∇ϕ,∇σ)
= e−2ϕ∆σ − 2g¯(∇¯ϕ, ∇¯σ) + ne−2ϕg(∇ϕ,∇σ), (38)
where ei ∈ Γ(π
∗TM) and eˆi is its complete lift to Γ(TM0). By means of (9) and the
definition of gradient of the scalar function ϕ with respect to g¯ we have
∇¯ϕ = ∇g¯ϕ = g¯
ij ∂ϕ
∂xi
∂
∂xj
= e−2ϕgij
∂ϕ
∂xi
∂
∂xj
= e−2ϕ∇gϕ.
Similarly ∇¯σ = ∇g¯σ = e
−2ϕ∇gσ. Hence (38) becomes
∆¯σ = e−2ϕ{∆gσ + (n− 2)g(∇ϕ,∇σ)}. (39)
On the other hand
‖∇¯ϕ‖2g¯ = g¯
ijϕiϕj = e
−2ϕgijϕiϕj = e
−2ϕ‖∇ϕ‖2g,
and similarly ‖∇¯σ‖2g¯ = e
−2ϕ‖∇σ‖2g. The equations (37) and (39) and definition of
Schwarzian tensor (31) with ̺Xˆ = X imply
BF¯ (σ)(Xˆ, Y ) = Hessg¯(σ)(Xˆ, Y )−X(σ)Y (σ)−
1
n
{∆¯σ − ‖∇¯σ‖2g¯}g¯(X, Y )
= Hessg(σ)(Xˆ, Y )−X(ϕ)Y (σ)− Y (ϕ)X(σ) + g(X, Y )g(∇ϕ,∇σ)
−X(σ)Y (σ)−
e−2ϕ
n
{∆gσ + (n− 2)g(∇ϕ,∇σ)− ‖∇σ‖
2
g}e
2ϕg(X, Y )
− T (Li, Y )σ − T (Lj, X)σ + g(T (Lt, Y ), X)
∂
∂xs
gstσ
= BF (σ)(Xˆ, Y )−X(ϕ)Y (σ)− Y (ϕ)X(σ) +
2
n
g(∇ϕ,∇σ)g(X, Y )
− T (Li, Y )σ − T (Lj, X)σ + g(T (Lt, Y ), X)
∂
∂xs
gstσ.
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If we put A(σ) := T (Li, Y )σ + T (Lj, X)σ − g(T (Lt, Y ), X)
∂
∂xs
gstσ, the above equation
yields
BF¯ (σ) = BF (σ)− dϕ⊗ dσ − dσ ⊗ dϕ+
2
n
g(∇ϕ,∇σ)g − A(σ). (40)
On the other hand
Hessg(ϕ+ σ)− d(ϕ+ σ)⊗ d(ϕ+ σ) =Hessg(ϕ) +Hessg(σ)− dϕ⊗ dϕ
− dϕ⊗ dσ − dσ ⊗ dϕ− dσ ⊗ dσ. (41)
Using the definition of Schwarzian tensor, (33) and (41) we have
BF (ϕ+ σ) = Hessg(ϕ+ σ)− d(ϕ+ σ)⊗ d(ϕ+ σ)−
1
n
{∆(ϕ+ σ)− ‖∇(ϕ+ σ)‖2}g
= Hessg(ϕ)− dϕ⊗ dϕ−
1
n
{∆ϕ− ‖∇ϕ‖2}g
+Hessg(σ)− dσ ⊗ dσ −
1
n
{∆σ − ‖∇σ‖2}g
− dϕ⊗ dσ − dσ ⊗ dϕ+
2
n
g(∇ϕ,∇σ)g
= BF (ϕ) +BF (σ)− dϕ⊗ dσ − dσ ⊗ dϕ+
2
n
g(∇ϕ,∇σ)g.
The equation (40) implies B
F
(ϕ+σ) = B
F
(ϕ)+B
F¯
(σ)+A(σ), and we have the proof.
Remark 6.4. If the conformal transformation is an identity or isometry, then we have
ϕ = 0 and Theorem6.3, yields
B
F
(σ) = B
F¯
(σ) + A(σ). (42)
Lemma 6.1. Let h : (M,F ) → (M,F ′) and f : (M,F ′) → (M,F ′′) be two conformal
transformations on Finsler manifolds such that
h∗g′ = e2ϕg, and f ∗g′′ = e2σg′. (43)
Then
S
F
(f ◦ h) = S
F
(h) + h∗S
F
(f). (44)
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Proof. Here, ϕ and σ are both real smooth functions on M . By means of (43) we have
(f ◦ h)∗g′′ = (h∗ ◦ f ∗)g′′ = h∗(e2σg′) = h∗(e2σ)h∗(g′) = h∗(e2σ)e2ϕg
= (e2σ ◦ h)e2ϕg = e2(σ◦h)e2ϕg = e2(ϕ+(σ◦h))g. (45)
By definition of Schwarzian derivative, if f ∗g′′ = e2σg′, then SF ′(f) = BF ′(σ), therefore
from (45) we have SF (f ◦ h) = BF (ϕ + (σ ◦ h)). By Theorem6.3 and the equations (43)
we get
SF (f ◦ h) = BF (ϕ+ (σ ◦ h)) = BF (ϕ) +BF¯ (σ ◦ h) + A(σ ◦ h).
From (42) we have BF (σ ◦ h) = BF¯ (σ ◦ h) +A(σ ◦ h). Therefore the above relation yields
SF (f ◦ h) = BF (ϕ) + BF (σ ◦ h) = BF (ϕ) + h
∗BF (σ) = SF (h) + h
∗SF (f). Therefore if f
and h are both Mobius functions then their composition is also Mobius and we have the
proof.
Proof of Theorem 1.1. Let (M,F ) and (M, F¯ ) be two Finsler manifolds and
f : (M,F )→ (M, F¯ ) a conformal transformation. In order to show the Mobius transfor-
mations from a group, we first show that the composites and inverses of Mobius transfor-
mations are Mobius. By means of Lemma 6.1 we have
0 = S
F
(id) = SF (f ◦ f
−1) = S
F
(f−1) + (f−1)∗S
F
(f),
where id is the identity map. Therefore, we have SF (f
−1) = −(f−1)∗S
F
(f). Therefore, if f
is a Mobius function, its inverse is Mobius as well. Next we show S
F
(f) = SF¯ (f). In fact,
let F¯ = eϕF and consider the composition f = h−1 ◦ f ◦ h given by (M,F )
h
−→ (M,F )
f
−→
(M, F¯ )
h−1
−−→ (M, F¯ ), where h is the identity map and we have S
F
(h) = SF¯ (h
−1) = 0,
hence by means of (44)
S
F
(f) = S
F
((h−1 ◦ f) ◦ h) = SF (h) + h
∗SF¯ (h
−1 ◦ f) = 0 + h∗{SF¯ (f) + f
∗SF¯ (h
−1)}.
Since h is the identity map
h∗(SF¯ (f) + 0) = SF¯ (f).
Hence S
F
(f) = SF¯ (f). Therefore, the set of Mobius transformations of (M,F ) forms a
group.
Let f : (M,F ) → (M, F¯ ) be a homothety, since ϕ is constant, by definition we get
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B
F
(ϕ) = 0 = S
F
(f). Thus any homothety, is a Mobius transformation and hence a
subgroup of conformal transformations of (M,F ). 
Proof of Theorem 1.2. By means of (36), Theorem1.1 and TheoremB we can easily
see that a conformal diffeomorphism between two n-dimensional Finsler manifolds (M,F )
and (M, F¯ ) is a Mobius transformation if and only if it maps all geodesic circles to geodesic
circles. This completes the proof. For more details one can refer to [6]. 
Using the above properties of Schwarzian derivative we obtain proof of the following
rigidity theorems of complete Finsler manifolds.
Proof of Theorems 1.3 and 1.4. By Remark6.2 the circle preserving or concircular
maps are Mobius functions and vice versa. Therefore proof of these Theorems are a direct
applications of TheoremC and TheoremD. 
6.1 Schwarzian and Einstein Randers spaces
As an application of the Schwarzian derivative, we can prove a rigidity theorem on Einstein
Randers’ spaces.
Proof of Theorem 1.5. In [8], it is shown that in a Finsler manifold the projective
parameter p is a solution of the following ODE.
S(p(s)) =
d3p
ds3
dp
ds
−
3
2
[ d2p
ds2
dp
ds
]2
=
2
n− 1
Ricjk
dxj
ds
dxk
ds
=
2
n− 1
F 2Ric, (46)
where S(p) is the Schwarzian of “p”and “s”is the arc length parameter of a geodesic γ.
The projective parameter is unique up to a linear fractional transformations, that is
S(p ◦ T ) = S(p),
where T = ax+b
cx+d
and ad − bc 6= 0. When the Ricci tensor is parallel with respect to any
of Berwald, Chern or Cartan connection, it is constant along the geodesics and we can
easily solve the equation (46), see [8].
Since (M,F ) is an Einstein space, plugging (7) in (46) we get
S(p) =
2
n− 1
F 2Ric = 2F 2K, (47)
where K is a function of x alone. If S(p) = 0, then by the above equation, K = 0, hence
Ric = 0, therefore by PropositionA, (M,F ) is a locally Minkowskian space. If S(p) < 0,
then (47) yields K < 0, and Ric < 0, hence by PropositionA, (M,F ) is Riemannian. 
REFERENCES 23
Acknowledgement. The first author would like to thank the Institut de Mathe´matiques
de Toulouse (IMT) in which this article is partially written.
References
[1] H. Akbar-Zadeh, Generalized Einstein manifolds, J. Geom. Phys. 17 (4) (1995) 342-
380.
[2] H. Akbar-Zadeh, Sur les espaces de Finsler a´ courbures sectionelles constantes, Acad.
Roy. Belg. Bull. Cl. Sci. (5) 74 (1988), 281-322.
[3] D. Bao, S. Chern and Z. Shen, An introduction to Riemann-Finsler Geometry,
Springer-Verlag, 2000.
[4] D. Bao and C. Robles, Ricci and Flag curvatures in Finsler geometry. Riemann-Finsler
geometry. MSRI Publications. volume 50, 2004.
[5] B. Bidabad, A classification of complete Finsler manifolds through the conformal
theory of curves, Diff. Geom. Appl. 35 (2014) 350-360.
[6] B. Bidabad, Z. Shen, Circle-preserving transformations in Finsler spaces, Publ. Math.
Debrecen, (2012), 435-445.
[7] B. Bidabad, A. Shahi, M. Yar Ahmadi, Deformation of Cartan curvature on Finsler
manifolds, Bull. Korean Math. Soc. 54 (2017), No. 6, pp. 2119-2139.
[8] B. Bidabad and M. Sepasi, On a projectively invariant pseudo-distance in Finsler
Geometry, Int. J. Geom. Methods Mod. Phys. 12(4) (2015), 1550043.
[9] K. Carne, The Schwarzian derivative for conformal maps, J. Reine Angew. Math. 408
(1990), 10-33.
[10] X. Cheng and Z. Shen, Finsler geometry. An approach via Randers spaces. Science
Press Beijing; Springer, Heidelberg, 2012.
[11] M. Hashiguchi, On the conformal transformation of Finsler metrics, J. Math. Kyoto
Univ. 16-1 (1976), 25-50.
REFERENCES 24
[12] B. Osgood and D. Stowe, The Schwarzian derivative and conformal mapping of Rie-
mannian manifolds, Duke Math. J. 67 (1992), 57-99.
[13] M.K. Sedaghat and B. Bidabad, On a class of complete Finsler manifolds, Int. J. of
Math. Vol. 26, No. 10 (2015) 1550091 (9 pages).
[14] M. Sepasi, B. Bidabad, On a projectively invariant distance on Finsler spaces of
constant negative Ricci scalar. C. R. Math. Acad. Sci. Paris 352 (2014), no. 12, 999-
1003.
[15] Z. Shen, An introduction to Riemann-Finsler Geometry, Lectures on Finsler geome-
try, World Science, Singapore 2001.
[16] W. P. Thurston, Zippers and univalent functions. The Bieberbach conjecture (West
Lafayette, Ind., 1985), Math. Surveys Monogr., 21, Amer. Math. Soc., Providence, RI,
(1986) 185-197.
[17] B.Y. Wu, and Y.L. Xin, Comparison theorems in Finsler geometry and their appli-
cations, Math. Ann., 337, (2007) 177-196.
Behroz Bidabad
Department of Mathematics and Computer Sciences
Amirkabir University of Technology (Tehran Polytechnic), 424 Hafez Ave. 15914 Tehran,
Iran. E-mail: bidabad@aut.ac.ir
Institut de Mathe´matique de Toulouse
Universite´ Paul Sabatier, 118 route de Narbonne - F-31062 Toulouse, France.
behroz.bidabad@math.univ-toulouse.fr
Faranak Seddighi
Faculty of Mathematics, Payame Noor University of Tehran, Tehran, Iran.
F-Seddighi@student.pnu.ac.ir
